
Nonconstant Error Variance in Generalized Propensity Score Model
Doyoung Kim, Chanmin Kim

Department of Statistics, Sungkyunkwan University

Parametric Generalized Propensity Score Model
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Future Study
• Simulation metrics computation with marginal probabilities of treatment &

full range of continuous treatment through kernel smoothing

• Application with heteroskedastic data

Preliminaries

Caliper Metric Matching1)
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Motivation

Annotation

• 𝑿 : Covariate

• 𝑇 : Treatment

• 𝑤𝑗
∗ : jth standardized treatment

• 𝑒∗ 𝑤𝑗
∗, 𝑿𝑗 : Standardized propensity score with jth treatment & jth covariate

• 𝛿 : Caliper parameter

• 𝜆 : Scale parameter between 0 & 1

Covariate Balance (Global Measure)1)
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where 𝑤0, 𝑤1 is range of treatment of interest

• 𝑚𝑖 : the number of units within the block 𝑤𝑖 − 𝛿,𝑤𝑖 + 𝛿
where 𝑤1 = 𝑤0 + 𝛿,… ,𝑤𝐼 = 𝑤0 + (2𝐼 − 1)𝛿

Existence of heteroskedasticity
• Variance of parametric GPS model depends on certain 𝑿
• Range of treatment the observation takes varies

e.g.

𝑿 : Age, Race, Sex, Region …

𝑇 : Air pollution exposure

𝑌 : Mortality among 65+ years old

Pollution

Region 1

Region 2

Variance Function Model3)

𝑇𝑖= f 𝑿𝑖 , 𝛽 + 𝑔 𝜇𝑖 , 𝑧𝑖 , 𝜃 휀𝑖 ,  휀𝑖 ~ N(0, 𝜎
2) ↔ 𝑇𝑖|𝑿𝑖 ~ 𝑁(𝑿𝑖

𝑇𝛽, 𝜎2𝑔2(𝜇𝑖 , 𝑧𝑖 , 𝜃))

• 𝜇𝑖 : f 𝑿𝑖 , 𝛽
• 𝑧𝑖 : Subset of 𝑿𝑖

• 𝜃 : Coefficient(s) of variance function

• Graphical methods for defining the form of variance function

e.g.

𝑔 𝜇𝑖 , 𝑧𝑖 , 𝜃 = 1 + 𝜃1𝑧𝑖 + 𝜃2𝑧𝑖
2

if  absolute residuals |𝑟𝑖| & 𝑧𝑖 shows quadratic form
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2) Implement GPS matching approach
(1) Estimate GPS assuming 𝑇𝑖|𝑿𝑖 ~ 𝑁(𝑿𝑖

𝑇𝛽, 𝜎2𝑔2(𝜇𝑖 , 𝑧𝑖 , 𝜃))
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(2) Select parameters (𝜆, 𝛿) minimizing covariate balance through grid search

(3) Match individuals based on one of proposed caliper metric matching methods

<Proposed Method 1>
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<Proposed Method 2>
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(4) Impute 𝑌𝑗 𝑤 = 𝑌𝑚𝑎𝑡𝑐ℎ𝑒𝑑
𝑜𝑏𝑠 for 𝑗 = 1,… , N for all predetermined treatment levels 𝑤.

(5) With obtained Ƹ𝜇 𝑤 = 𝐸 𝑌𝑗 𝑤 , get a smoothed average causal

treatment-response function

Simulation

Settings

Metrics2)

Results

• 𝑛 = 200, simulation replicates = 100
• Covariate : 𝑿1 − 𝑿4 ~ 𝑁 0, 𝐼4 , 𝑿5 ~ 𝑈 −2, 2 , 𝑿6 ~ 𝑈 −3, 3
• Treatment : 10 + 0.9𝑿1 + 1.8𝑿2 − 0.9𝑿3 + 0.9𝑿4 + 0.9𝑿5 + 0.9𝑿6

• Outcome : 𝑌 | 𝑊,𝑿~ 𝑁{𝜇 𝑊,𝑿 , 1.52}
𝜇 𝑊,𝑿 = 15 + 1.2𝑿1 + 1.2𝑿2 + 1.2𝑿3 + 1.2𝑿4 + 1.2𝑿5 + 𝑿6

+0.1𝑊 + 0.1𝑊2 + 0.25𝑿2𝑊 + 0.1𝑿5𝑊
• Variance function : 𝜎2𝑔2 𝜇𝑖 , 𝑧𝑖 , 𝜃 = 12(𝜃1𝑿4

2 + 𝜃2𝑿4 + 𝜃31.2𝑿6)
2

(𝜃1, 𝜃2, 𝜃3) : (0.3, 1.2, 1.2), (0.4, 1.3, 1.3) … (1.0, 2.0, 2.0)
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1) Estimating 𝜽 & 𝜷
(1) Obtain LS estimator መ𝛽𝐿𝑆, መ𝛽 0 = መ𝛽𝐿𝑆, 𝑘 = 0
(2) Minimize
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to obtain 𝜃

(3) Use the estimated weights ෝ𝑤𝑖 =
1

𝑔2 𝜇𝑖 𝛽 𝑘 ,𝑧𝑖,𝜃

to obtain መ𝛽𝐺𝐿𝑆
(4) Set 𝑘 = 𝑘 + 1, let መ𝛽 𝑘 = መ𝛽𝐺𝐿𝑆 and return to (2)

Model Specification & Proposal2)3)

(0.3, 1.2, 1.2) (0.5, 1.4, 1.4)

(0.7, 1.6, 1.6) (1.0, 2.0, 2.0)

• Covariate Balance

• Metrics


